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Abstract. We consider Stanley-Reisner rings K^x\ , . . . ^ Xji ]/I(H) where 7(H) 
is the edge ideal associated to some particular classes of hypergraphs. For 
instance, we consider hypergraphs that are natural generalizations of graphs 
that are lines and cycles, and for these we compute the Betti numbers. We 
also generalize upon some known results about chordal graphs and study a 
weak form of shellability. 
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1. Introduction 

Stanley-Reisner rings associated to graphs have been widely studied since edge 
ideals were introduced by R. Villarreal in |22| . Chordal graphs have been in partic- 
ular focus and indeed, many natural results and questions seem to be connected to 
this class of graphs. See for example [3l [131 IHl [H [El llH] ■ More recently, also edge 
ideals of hypergraphs have been studied and many results and familiar properties 
of graphs have got hypergraph analouges. See for example [6l [7l [TH [21] . Also [19] 
should be mentioned. In this paper the author computes Betti numbers of many 
classes of graphs. 

Graphs may be generalized in several different ways of which hypergraphs is 
merely one. S. Faridi introduced ([5]) a way of viewing a simplicial complex as a 
generalization of a graph. The complexes considered are called facet complexes. 
The idea is to consider the facets of a complex as a kind of generalized edges. Since 
a graph may be considered as a one dimensional simplicial complex, in this way 
one indeed obtains a natural generalization of graphs. Many nice results may be 
found in O [9l [El [171 [23] . In [23], the author introduces the class of quasi- forests, 
which relates to chordal graph, see [T7]. Also, in this paper, we show that they are 
closely related to chordal hypergraphs. 

In Section [3] we consider natural hypergraph generalizations of graphs that are 
lines and cycles. We call them line hypergraphs and hypercycles. Here we general- 
ize upon known results about Betti numbers from [T9] . 

In Section [4] we consider chordal hypergraphs, as defined in [7|. CoroUarv 14.41 is 
known from |17j . and Theorem 14.31 provides a partial generalization of this result. 
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The results in section [5] are related to the concept of connectivity. Connectivity 
in graph theory is a well known concept and we explore it in a hypergraph context. 
Using (hypergraph)connectivity we are able to generalize some results on bounds 
on Betti numbers from | 19j . Also, some results connecting the depth of certain 
Stanley-reisner rings to connectivity, given in [13^ , can be seen in a wider context 
and explained a bit deeper. 

In the last section, Section [51 we consider the notion of d-shellability, a weaker 
notion than ordinary shellability. We see that, to some extent, d-shellability behaves 
like ordinary shellability. In particular, we show that there is an Alexander dual 
notion called d-quotients, that provides a natural generalization of the concept of 
linear quotients that is known to be Alexander dual to shellability. For ideals with 
d-quotients we give a formula for the Betti numbers and show that these ideals 
admit Betti splittings. 

2. Basics 

We give some basics that will be used in the paper. A good reference for hyper- 
graphs is Berge's book [1]. 

Let X he a finite set and £ — {Ei, . . . , Eg} a. finite collection of non empty sub- 
sets of X. The pair H — {X, £) is called a hypergraph. The elements of X and 
£, respectively, are called the vertices and the edges, respectively, of the hyper- 
graph. If we want to specify what hypergraph we consider, we may write X{Ti.) 
and £{H) for the vertices and edges respectively. A hypergraph is called simple if: 
(1) jE'il > 2 for all i = 1, . . . , s and (2) Ej C Ei only if ? = j. If the cardinality of 
A" is n we often just use the set [n] = {1, 2, . . . , n} instead of X. 

Let H he a hypergraph. A subhypergraph /C of 7i is a hypergraph such that 
X{K:) C X{n), and £{IC) C £{n). If 3^ C A", the induced hypergraph on 
Hy, is the subhypergraph with X{Hy) — y and with £{'Hy) consisting of the edges 
of TL that lie entirely in y. A hypergraph Ti, is said to be c?- uniform \i \Ei\ = d 
for every edge Ei G £(Ti.). By a uniform hypergraph we mean a hypergraph that is 
d-uniform for some d. Note that a simple 2-uniform hypergraph is just an ordinary 
simple graph. In this paper we consider only simple uniform hypergraphs, and 
hence, by hypergraph we will always mean a simple hypergraph. 

A free vertex w of a hypergraph is, if there is one, a vertex v that lies in at 
most one edge. 

One type of hypergraphs of particular importance is the d-complete hypergraphs 
Kfj^: The d-complete hypergraph, K^, on a set of n vertices, is defined by 





denotes the set of all subsets of F, of cardinality d. If n < d, we 



interpret Kf^ 



as n isolated points. 



Recall that an (abstract) simplicial complex on vertex set [n] is a collection, 
A, of subsets of [n] with the property that GCF, F^A^GeA. The elements 
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of A are called the faces of the complex and the maximal (under inclusion) faces 
are called facets. The set of facets of A we denote by The dimension, 

dimF, of a face F in A, is defined to be |F| — 1, and the dimension of A is defined 
as dim A = maxjdimi^; F e A}. Note that the empty set is the unique — 1 
dimensional face of every complex that is not the void complex {} which has no 
faces. The dimension of the void complex may be defined as — oo. Let 1/ C [n]. We 
denote by Ay the simplicial complex 

Av = {F C[n]; F e A,F CV}. 

Hn{A; k) will denote the reduced homology of (the chain complex of) A with coef- 
ficients in the field k. 

To every hypergraph on vertex set [n] we associate two simplicial complexes, 
the Independence complex of 7i, A^^, and the Clique complex of 7i, A{Ti). 

These are defined as follows: 

An = {F<Z [n];E% F, VF e £(H)} 

A(H) = {FC[n];Q C£(W)}. 

Throughout the paper R will denote some polynomial ring k[xi, . . . ,Xn]- The 
number n will be the cardinality of the vertex set of some hypergraph considered. 
We use the convention that for a subset F C [n], — YiieF ^i- l^ow, let A be a 
simplicial complex on [n]. The Stanley— Reisner ring i?//A of A is the quotient 
of the ring R ^ k[xi, . . . , x„] by the Stanley— Reisner ideal 

Ia = {x^;F^A) 

generated by the nonfaccs of A. Conversely, to every squarefree monomial ideal / 
one may associate a unique simplicial complex Aj in such way that its Stanley- 
Reisner ideal is precisely /. If A is a given simplicial complex on vertex set [n] , its 
Alexander dual simplicial complex is defined by 

A* {F C [n] ; [n] \ F ^ A}. 

This yields a natural duality of squarefree monomial ideals as well. Hence we may 
denote the Stanley-Reisner ideal of A* by More information about the relations 
between the ideals Ia and can be found in [2^ 

If / is any monomial ideal, we denote by 0(1) it unique set of minimal monomial 
generators. 

If 7i is a hypergraph, the Stanley-Reisner ideal of A-^ is called the edge ideal of 
Ti., and is denoted I{H). 

Recall that the projective dimension, pd;^(Af ) of an i?-module M, is defined as 

pd^(M) = max{i; Torf (Af, k) ^ 0}. 

This number may depend on the characteristic of k. Furthermore, recall that the 
number l3i{M) = dim^ Torf (M, k) is called the i'th Betti number of M. Note that 
the Tor-modules and the Betti numbers are, in the cases we consider, naturally N"- 
graded. For details about the algebra used in connection to simplicial complexes, 
we refer the reader to the books [2] and [20] . 
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3. HYPERCYCLES AND LINE HYPERGRAPHS 

In |19| the author computes the Betti numbers of, among other things, graphs 
that are hnes and cycles. When trying to hft these concepts to hypergraph analouges, 
one may handle the increased degree of freedom in potentially many different ways. 
We define line hypergraphs ijj'", and hypercycles C^'" in a natural way and we 
compute their Betti numbers. In particular, we see that the formulas for the Betti 
numbers are independent of the characteristic of the field k. 

Definition 3.1. For integers n,a and d, we define the line hypergrapii L^'" as 
the d-uniform hypergraph with edge set = . . . , £"„} and vertex set 

^{Li"') = ULi ^« such that: 

(i) For any i j, Ei ^% if and only if j = i — 1 or j = i + 1, < i < n. 
{a) \E.i Pi Ei+i I = a for all i, 1 < i < n - 1. 

The length of a line hypergraph is defined as the number of edges. 

Definition 3.2. The hypercycle C^'" is the d-uniform hypergraph with edge set 
f (Cf ") = [El, . . . , En} and vertex set ^-((7,^ ") = (JLi such that: 

(i) For any i ^ j we have \Eif]Ej\^9ii and only ifj = i — l,i + l mod(n). 

(m) \Ei = a for all i, 1 < i < n — 1 and \Ei C\En\ = a. 

3.1. Betti Numbers of Line hypergraphs. Assume that in a d-uniform hy- 
pergraph H the following holds: 1) If Ei, Ej are two intersecting edges, then 
\Ei r\ Ej\ = a for some fixed a. 2) Every edge has a free vertex. For such hyper- 
graph it is easy to see that 2a < d must hold. This is the motivation of the following 
theorem, and the reason that it is natural to divide our further considerations in 
two cases, namely the case when 2a < d and the case when 2a = d. 

Theorem 3.3. Let Ti. be a hypergraph such that each edge of Ti has a free vertex. 

Then (3i{R/I(n)) = 

Proof. Let iS(7Y) = {Ei, . . . , En} and Vi ^ Ei he a free vertex for any i, 1 < i < n. 
Then, for any j, 1 < j < n, x^^ does not divide lcm(a::^^ , ■ ■ • , a;^^~^ , x^^''''^ , ■ ■ ■ , x^"), 
since Vj \ lcm(a;'^^ , • • ■ , x^^~'^ , x^^'^'^ , ■ ■ ■ , x^" ) • Therefore the Taylor resolution of 

R/I{H) is minimal and (3,{R/I{H)) = (^^ ■ ^ 

In the following theorem, we give a combinatorial interpretation of the graded 
Betti numbers of a hypergraph in which all edges have a free vertex. 

Theorem 3.4. Let Ti. be a hypergraph with edges Ei,. . . , En such that each edge 
has a free vertex. Then 

i i 

p,^,{R/i{n)) - |{U 1 < /i < • ■ • < < I U = J'} ■ 

t=i t=i 

Proof. Since each edge of Ti has a free vertex, it is enough to find the num- 
ber of basis elements eki,...^ki of degree j in the Taylor resolution of R/L{H). 
We have deg{eki^...,ki) — deg(lcm(x^'''i , . . . , a;-^'=i )). Since all fk, are squarefree, 
deg(lcm(a;-^'=i , . . . , x^''i )) = | ^ki\, which completes the proof. □ 

We have the following corollary: 
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Corollary 3.5. Let L'^'^ he a line hypergraph such that d > 2a. Then 



(3„,,iR/IiLin) 



if j ^ n{d ~ a) + a 



" " \ 1 ifj = n{d~a)+a 
Proof. Since d > 2a, each edge has a free vertex. Thus by Theorem 13.4 



PnAR/HLtn) = |{|J ^u; 1 < < • ■ • < < I U ^''1 = 

t=l t=l 

Therefore it equals 1 if j = | Uf^i -^'1 if j ^ | U"=i ^^l- Since | lj"=i ^tl = 
n{d — a) + a, the assertion holds. □ 

Let Si {1 < i < r) he positive integers and LJ^'" be a line hypergraph of length 
n. Set E{si, . . . ,Sr,n) — {7i ; 7i is a subhypergraph of L'^'", which is comprised 
of r disjoint line hypergraphs of lengths si, . . . , Sr with no isolated vertex}. Then 
we have the following lemma: 

Lemma 3.6. Let si, . . . , Sr be positive integers such that 1 < si = ■ • • = < 

S/l+l = ■•• = S;i+i2 < Sil+i2 + l = ••• = Sl^+l^+l^ < ■■■ < S;j + ... + ;j_j+l = •••::= 
1 ■ I rn/ M „| /n — i + 1^ 

sjj^ = Sr and si + ■ ■ ■ + Sr ~ i, then \E{si, . . . ,Sr,n)\ = -j^j^^ 

Proof. Let LJ^'" be a line hypergraph of length n and S be the set of hypergraphs 
Ti. G E{si, . . . , Sr,n) such that Ti. is comprised of line hypergraphs Qi, . . . , Qr such 
that the length of Qi is s,; and for any I < i < j < r, ii vx ^ '^{Qi) and e X{Qj), 
then A < 7. It can be seen that \E{si, . . . , Sr,n)\ — j^j^^\S\. We claim that 
there is a bijection between S and the set {(ti, . . . , ^r +i), ti, tr+i > 0, t2, . . . , > 
1, J2]=i ti = n — i}. For any H. E S, let H.' be the subhypergraph of LJ^'" with 
edge set £{L'^°') \ £{T-L). Assume H' is comprised of I line hypergraphs Q'^, . . . , 
such that for any 1 < i < j < I, \i v\ £ X{Q'j) and v~f S then A < 7. We 

have r—l<l< r+1. Set vn — (^i, • ■ ■ , ^r+i), where < i < r+1) are as follows: 

{i) lil = r — 1, set = and ti = Z(Qi-i) for any i,{2 < i < r). 

(ii) lil = r and vq G set = and ti = l{Q'i) for any «, (2 < i < r + 1). 

[Hi) If / = r and uq G A'((5'j^), set i^+i = and — l{Q'i) for any i, (1 < i < r). 
(iu) If / = r + 1, set ^ 1{Q[) for any i, (1 < i < r + 1). 

We have X]fc=i = J2k=i KQ'k) = n — i. Define a function 

r+1 

(f> ■ S > {{ti, . . . ,tr+l), ti,tr+l > Q,t2, . ■ . ,tr > I, ^ = n - 

1=1 

by 0(7i) — vji. It is easy to see that </) is a bijection and hence 

r+1 

|5| = {(ii, . . . , tr+l), ti,tr+l > 0, i2, • • ■ , tr > 1, ^ = n - l} 

;=i 

r+1 fn-i + l 

{(tl,...,t;+i), i'i,...,i;+i>i, ^t; = n-* + 2} 

(=1 

Thusl£;(si,...,sr,n)| = ^('""* + ^y □ 
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We now give the graded Betti numbers of a line hypergraphs LjJ'" in the case 
when d > 2a. 

Theorem 3.7. Let i < n be an integer and let Lf^ " be a line hypergraph such that 
d > 2a. Then )) = L _ J ( ^ j for any r, 1 < r < i 

and = for all other j . 

Proof. Let i < n and j be integers such that (3i,j{R/ I{L'^°')) ^ 0. Since d > 2a, 
each edge has a free vertex. Thus as was shown in Theorem 13.41 (3ij{R/ I{Lfj;'^) — 
|{Ut=i-^it' IUt=i^itl = Let Ei^,...,Ei^ be some edges of L^'" such that 
I Ut=i I — j ^-iid H be the subhypergraph of LJ^'" with edge set {Ei^ , . . . ,Ei.} 
and assume that Ti, is comprised of r hne hypergraphs which are of lengths Si, . . . , s^- 
Then si + ■ ■ ■ + Sr = i. Let L^'" C 7i be the line hypergraph of length S(, so that 
\X{Lf")\ = std-a{st-l). Therefore = ELi(st^-«(st-l)) = id-a{i-r) 

and j = id — a{i — r) for some 1 < r < z. Hence 

l<si<---<s,. \-Sr—i 

and Pij{R/ I{Lfj;"-)) — for those j that can not be written in the form id — a{i — r) 
for some r. Let li,...,lm be positive integers and -P(/i,....;^) be the number of 
solutions of xi + ■ ■ ■ + Xr = i such that Xj > 1(1 < j < r) and li components of 

/"i — V 

(xi, . . . , Xr) are equal for all i, 1 < i < m. Then J2m>i i >i ^{h im) 
Also the number of solutions of .xi + • • • + .Tr = i such that 1 < xi = ■ ■ ■ = xi-^ < 

^h + l = ■■ ■ = Xi^+i^ < X/j+fj + i = ■ • • = < • • • < + i = ■ • • = 

x/j^ 1-;^^ — Xr is equal to P(ij^^...^i^) ■ Thus using Lemma [5^ we see that 

R m/T(rd.a\\ \^ P ^i! ■■■/„,! rl fn-i + 1 

P^,^d-c.{^-r)[R/I{L^ ))^ 2^ P{h,...,l^) H T\ 

E /n — i + fi-l\fn-i + 

m>l,ii>l ^ / \ / \ 

The proof is complete. □ 
We now consider LJi^'" in the case where d = 2a. 

Theorem 3.8. Let i^'" be a line hypergraph such that d — 2a. Then the non zero 
Betti numbers of R/ L{L^'^) are, for 2j > i, as follows: 



r 



j -i\/'n+l~2j + 2i\ f j - i - 1\ f n + 1 - 2j + 2i 
2t-j)[ j-i )^[ 2t-j )[ j-i-1 



Proof Let = . . . , En}, where E, = {xi^i, . . . , Xd,i}. Set Xi = xia ■ ■ • XaA 

and — Xa+iA • • ■ Xd,i for any i, 1 < i < n. Here {xa+i^i ■ ■ ■ x^a} are, 

for every i = — 1, the vertices in the intersection Ei n -E^+i. Then 

I[L'n°') — {X1X2, . . . ,XnXn+i). Since the XiS are independent variables and 
deg{Xi) = a, we have Aj„(i?/J(L^'")) = Aj (i?/(^i^2, • ■ . ,X„X„+i)). The re- 
sult now follows, using Theorem 7.7.34 of [19 . □ 
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3.2. Betti Numbers of Hypercycles. We start by giving a corollary that is 
similar to Corollary 13. 51 

Corollary 3.9. Let Cf{°' he a hypercycle such that each edge has a free vertex. 

Proof. By Theorem /3„,, - \{\JtiEh-, 1 < h < ■ ■ ■ < L < 
n I lj"=i \ = j} ■ Therefore it is equal to 1 if j = | IJtLi \ and Oifj^\ IJtLi \ . 
Since | lj"=i -^t \ = n{d — a), the assertion holds. □ 

We compute the Betti numbers of the hypercycle C^'" in the same manner as 
in the previous section. That is, we consider the two cases d > 2a and d — 2a 
separetely. 

Let Si {1 < i < r) be integers and C^'" be a cycle of length n. Set -F(si, . . . , s^, n) 
= {H ; H is a, subhypergraph of C,'^'", which is comprised of r disjoint line hyper- 
graphs of lengths si, . . . , and with no isolated vertex}, then we have the following 
lemma: 

Lemma 3.10. Let si, . . . , s,. be positive integers such that si = ■ ■ ■ ~ si-^ < s/^+i = 
• ■ ■ = si^+i.^ < S;i+;2+i = • • • = sjj+j^+jg < • • • < s;j+...+;j_j + i = • • . = ,S(j+...+(^ = 

Sr and si + ■ ■ ■ + Sr = i, then \F{si, . . . ,Sr,n)\ = ' ^ • 

Proof. Let Ei, . . . ,Es^ G £{C^'°'). The number of subgraphs of C^'", which are 
comprised of r line hypergraphs Qi, . . . ,Qr of lengths si,...,Sr and £{Qr) — 
{El, . . . , Es^} is equal to the number of subhypergraphs of _2, which are com- 
prised of 1 hne hypergraphs of lengths si, . . . , s^-i. Therefore |i^(si, . . . , Sr, n)| = 
n\E{si, . . . , Sr-i, n — Sr — 2)1, since the line hypergraph Qr can start from any of the 

n edges. By Lemma 13.61 |£^fsi s^-i.n — — 2)\ = ^ ^ , which 

completes the proof. □ 

We now give the Betti numbers of C^'" in the case where d > 2a. 

Theorem 3.11. Let i < n be an integer and let C^'" be a hypercycle such that d > 

2a. Then = 7 ~ i) i ^) ariy r, < r < z 

and ftj(i?//(C,f ")) = /or oi/ier j 's. 

Proof. Since d > 2a, each edge has a free vertex. Therefore as was shown in 
TheoremSa A,,(i?//(C;f-")) = \{{jUiEi^; \{Jl=i EiJ = Let Ei^,...,Eu be 
some edges of C,*^'" such that | lJt=i -^'tl = 3- Let 7^ be a subhypergraph of C^'" 
with edges {-B/i, . . . tEi.} and assume that H. is comprised of r line hypergraphs 
which are of lengths si, . . . ,Sr. Then si -I- • • • -I- — i- Let i^'" C 7i be a 
line hypergraph of length st, then, as in the proof of Theorem 13. 7[ [-^(Lf'")] — 
Sfd — a{st — 1) and therefore | A'(7-^)| = "Y^^^iistd — a{st — \)) = id — a{i — r). Thus 
j = id — a{i — r) and we see that 

l<si < ■ ■ ■<Sj- ,siH l-Sj.^i 



8 ERIC EMTANDER f, FATEMEH MOHAMMADI ft, AND SOMAYEH MORADI t 

and Pi.j{R/ I{C^'°')) ~ for all j that can not be written in the form id — a{i — r) 
for some r. 

Construct the numbers P{i-^,,,,^i^) and -P(;i,. ^^''^l/"' in the same way as in the 
proof of Theorem 13.71 Thus using Lemma 13.101 we see that 

m>l,ii>l ■ ^ ^ 

n f i ~ 1\ / n — i — I 



r \r — 1 J \ r— 1 

and the proof is complete. □ 

Now consider the case where d — 2a. 

Theorem 3.12. Let C^'" be a hypercycle such that d — 2a. Then the non zero 
Betti numbers of R/ I{C^'") are all in degree aj, where j < n and are as follows: 

' i - i \ fn-2{j - i) 



{€) If] < n and2z > j, then f3.,^,{R/ I{Ci'-}) = ^^^^ 
(ti) Ifn=lmod3 , /32^ „„(i?//(C;f'")) = 1 



J - « 



(zzi) Ifn = 2mod3 , /3-^,„„(i?//(C^'")) = 1 
(iv) Ifn^OmodS, /3^,„„(i?//(C;?'")) = 2. 

Proof Letf (C^'") = {Ei, . . . ,-E„}, where = {xi,i, . . . ,XdA}- Set Xi = ■ ■ ■ Xa, 
and Xm^i = Xa+i^i ■ ■ ■ Xd^i for any i, I < i < n — 1, where Xi and Xi^i denote the 
same things as they do in the proof of Theorem 13.81 Then 

/(C^'") — {X1X2, . . . ,Xn-lXn,XnXi). 

Since Xi are independent variables and deg(Xj) = a, we have /?i.jQ(i?//(C^'")) = 
Pij{XiX2, . . . ,X„_iX„,X„Xi). Using Theorem 7.6.28 of 19], the result follows. 

□ 

We recall from [T^ that a star graph is a complete bipartite graph Ki n for some 
n. One generalization of this graph is the d-complete bipartite hypergraph Kf 
This kind of hypergraphs are considered in [6]. Another way of generalizing the 
star graph is to focus more on its appearance. Considering the following picture of 
Ki 4 (here on vertex set {y} U {xi, 0:2, 0:3, X4}): 




it is motivated to say that the hypergraphs Ti. considered in the next theorem 
also are natural generalizations of the star graph. 

Theorem 3.13. Let H be a d-uniform hypergraph with edges Ei, . . . , En such that 
for any i 7^ j, \Ei C) Ej\ = \ HlLi Ell = o: and each edge has a free vertex. Then 

Pi^j{R/I{H)) if and only if j = id-a{i~l) and f]iM-a(i-i){R/I{'H)) = ■ 
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Proof. For any i and any edges Ei-^ , • ■ • , Ei. , we have | [Jl^i Ei^ \ = id — a(i — 1) and 
the number of elements of the form lJt=i -^h ' ) ' ^^^^^^'^^^ usmg Theorem l3.41 
we have (3ij{R/I{H)) ^ if and only if j = id— a(i — 1) and — 




□ 



4. ChORDAL HYPERGRAPHS 

Chordal graphs have been condsidered more or less extensively for some time 
now. A core results in this area is the following theorem by R. Froberg, 13]: 

Theorem 4.1. A graph Q is chordal if and only if R/ I{Q'^) has linear resolution. 

From this result Froberg easily concluded that the complexes A(5), Q chordal, 
that are also Cohen-Macaulay, are the ones in which ^ is a generalized d-tree. See 
[T5] for details. More nice results associated to chordal graphs are given in [T7] and 
[TU] . In [7] a notion of chordal hypergraph is given. We will use this to generalize 
upon some previously known results on chordal graphs. 

The following definition is from [7J: 

Definition 4.2. A chordal hypergraph is a d-uniform hypergraph, obtained 
inductively as follows: 

• K'^ is a chordal hypergraph, n, d e N. 

• If e is chordal, then so is 'H=g[jr.a Kf, for < j < i. (We attach Kf to 

j 

Q ui a. common (under identification) K"^.) 

In connection to this definition we mention two facts: First, it is easy to see that 
every line hypergraph L^'" is a chordal hypergraph. Indeed, it may be written as 

Also, as in chordal graphs, a chordal hypergraph does not contain any induced 
hypercycle C^'"- This is because an induced hypergraph of a chordal hypergraph 
is again chordal (see Jfj). However, a hypercycle is not chordal. 

In the following theorem we will use the well known fact that the Alexander 
dual notion of shellability, is the concept of linear quotients. The also follows from 
Theorem E^Hl 

Theorem 4.3. IfTi. is chordal hypergraph, then lA{n) linear quotients. 

Proof. Assume that Ti. is chordal, then inductively according to the definition of 
chordal hypergraph we show that A* is pure shellable. We have A* = {X{H) \ 
E, \E\ = d,E ^ ^CH)). IfH = then A* = and the result holds. Assume 
that H = Cyji^d Kf, where C is chordal. By induction hypothesis we have A^ = 
{X{C) \ E, \E\ = d,E i £{£)) is pure shellable with ordering iJi < • • • < i7„. 
Let E he a subset of X{n) such that \E\ = d &nd E i £(n). Let Si = X{C) \ 
X{Kf) and S2 = X{Kf) \ X{Kf), then \E n Si\ > 1. If \E n S'sl = 0, then 
E C X{C) and X{C) \ E e A}.. Let Si = S2 = {j/i,...,yj and 

S3 = X{K'j) = {zi, . . . ,Zj}. For any set S and integer i, set A^ — Ag~^' , where 
A5 is the full simplex on S. Then we have A^ is shellable. Let i > I and 1 < t < i 
be integers. Consider the simplicial complex Ai^t — {E'^; E C X{H), \E\ — d, 
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|£; n S'2| = d-i, n S"!] =t and n S'al ^ i-t). Each element of Ai^t has the 
form {yi,.. .,yd-iY n {xi, . . . ,xtY n {zi, . . . , Zi-tY for some Xi,yj, Zk- Consider 
the ordering on the elements of Ai^t as follows: 

Let Ai, . . . , Am be a shelling for the simphcial complex {F^, |F| = d — i, F C 
{yi, . . . , Bi, . . . , Bn be a shelHng for the simplicial complex {F'^, \F\ — t, F C 
{xi, . . . , Xr}) and Ci, . . . , Cfe be a shelling for the simplicial complex {F", \F\ = 
i — t, F C {zi, . . . , Zj}). Consider the ordering 

AiDBiDCi < A2 n Bi n Ci < ■ ■ < Am n Bi n Ci < Ai n B2 n Ci < ^2 n 
^2 n Ci < ■ • • < n ^2 n Ci < • • • < ^1 n B„ n Ci < n s„ n Ci < • • • < 
Am r\ Bn n Ci < ■■■ < Ai n Bi n Ck < A2 n Bi n Ck < ■■■ < Am n Bi n Ck < 

■ ■ ■ < Ai n Bn n Ck < A2 n Bn n Ck < ■ ■ ■ < Am n Bn n Ck for the facets of Ai^f 
Let Ai n Bj n Cfe < Ai> n Bj> n Ck', then k < k'. U k < k', then there exists 

V G Ck' \ Ck and I < k' such that Ck' \Ci = {v}. So v = Zn for some n and 

V eA,' r\ By n Ck' \A,r\ Bj n Ck and A,/ n Bj' n Cfe' \ n Bj' n C; = {«}. Since 
I < k', we have Ai' n 5j/ n Q < A,- n Bj' n Cfe- . Let A: = fc'. Then j < j' . If j < f, 
by the same way there exists v € Ai' n Bji n Cfe \ n Bj n Ck and I < j' such that 
A,' n n Cfe \ n 5/ n Cfe = {«}. Therefore let k = k' and j = f. Then i < z'. 
So there exists w G Aj/ \ A, and ? < i' such that Aj' = {v}. Therefore f = y„ for 
some n and e A,> n n Cfe \ n n Cfe and Aj/ n Bj n Cfe \ A; n Bj nCk = {v} 
and Ai n -Bj fl Ck < Ai' n Bj n Cfe . So the above ordering is a shelling for . Now 
consider an ordering for A* as follows: 

For F e Ai^t and G G ^i,s) set F < G if i < j or i = j and t > s. Also for any 
G = HjU S2 and F e ^i,t, set F < G and TJi U 52 < • ■ • < -ff„ U 52. 

Let F and G be two facets of A* such that F < G and let F be a facet of Ai^t 
and G be a facet of Aj^s- Then i < j. The case {i,t) = {j, s) is discussed above. 
Assume that {i,t) ^ {j,s) and i = j. Then t > s. 

Let F = {?/fe,, . . . ,yfe^_J=n{a::fej, . .. jXfejI'^nlzfej', . . • , Zfej'_ J'' and G = {y/^, . . ., 
yid-iY^{^i{^ • • • > 2;('^}^n{zj'^', . . . , zi'i_^Y- since t > s, i — t < i — s. Also there exists 
a^fc^ ^ {x;/,.. .,a;;/^} for some 1 < A < i. So a;^ e G\F and G\ . . . , y^^, J^n 
{a^/'i ,---,Xi'^, Xk'^ Y n {2;/'/ , . • . , Zi'^_^_^Y) = {Vh ) • • • > yid-. 7 2:/; , . . . , .T;;^ , .Tfe^ , Zj'i 

} \ {yii VU-, ,xi'^,..., xi,^ , zi'^ zvi_^ } = {Xk'^. Also , . . . , yi^_. Y n 
{a;j'^,...,j;;'^,a;fe^}'=n{zj'^',...,z,;'_^_J'= < G. 

Now let i < j and G = {yi^ , . . . , yi^_^ Y ^ {aJr^ , . . . , a;/^ n {2;;'^', . . . , 2;i^'_^ j'^. 
Then there exists j/fe^ € G \ F. Since j > 2, we have s > 2 or j — s > 1. If 
s > 2, then G \ • • • >2/!d-,'yftA}'' l~l • • -'^K-i^ ^ {^''1'' ■ ■• '^'j-J'' = iVkx}- 
Since {yi^, . . ■ ,yi^_j,yk>,Y ^ W-,^- ■ -^^K^iY n {z/'/, • • • , ^iy.J'' G ^j-i,s-i, then 
in the ordering it appears before G. If j — s > 1, then G \ {yi^ , ■ • ■ , yi^-j 7 Z/feA l*^ ^ 
{xi'^,. . .,xi,J''r\{zi'^, zi'^'_^_^Y = {VkJ and {yi^,. . . ,yi^_.,ykj''n{xi'^, . . .,xi'J'' 
r\{zi'^,...,zi'j_^_J'' e Aj_i^s- 

Now let F <G, where F = {yk^ , . . . , yfc^_ J'^ n {xfcj , . . . ,Xk'J''ri{zk'^, ■ ■ ■ , Zk^'_^ Y 
and G = Hj U S2 = {xi^ , . . . , Xi^, Zi'^, . . . , Zi'^_^Y- Then there exists ym £ G\F. If 
A > 1, then G \ {ym,xi^, . . . ,xi^_^, Zi'^, . . . , zi'^_^Y = {Um}- Otherwise A = 1 and 
rf- A > 1. ThenG\{ym,xi,,...,xi^,zi'^,...,zi'^_^_J'' = {ym}- □ 



CoroUciry 4.4. The graph Q is chordal if and only if lA{g) has linear quotients. 
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Proof. The fact that the edge ideal of a chordal graph has linear quotients, follows 
from the theorem. Assume R/ I{A{0)) has linear quotients. Then it has linear 
resolution and thus, Q is chordal. □ 

In p3l Froberg considers a class of chordal graphs called n-trees. 
Definition 4.5. A n-tree is a chordal graph defined inductively as follows: 

• Kn+i is a rt-tree. 

• If is a rt-tree, then so is ^=01^^ ^n+i- (We attach Kn+i to in a 
common (under identification) Kn) 

Now, consider the corresponding subclass %i of the class of chordal hypergraphs. 
That is, Td is the class of chordal hypergraphs described as follows: 

• Kf^^i belongs to 7^. 

• If Q belongs to 7^, then so does H—GUk'' ^n+i- (We attach Kf^^-^ to Q 
in a common (under identification) Kf^.) 

We get the following results: 

Theorem 4.6. For any hypergraph Ti. in T^, the clique complex A(7i) is pure 
shellable and hence Cohen-Macaulay. 

Proof. The proof is by induction, li Ti. — Kf^^i, then A(7i) is a simplex and pure 
shellable. Let H = Q Uk^ if^+i and Fi < • • • < be a shelhng for A{g). Then 
A{H) = (Fi, . . . , Fr,Fr+i), where Fr+i = X{Kf^^^). Let A'(X^) = L. Then L C F, 
for some 1 < i < r. We claim that Fi < • • • < F,. < F,.+i is a shelling for A(7Y). Let 
Fr+i = LU{v}. Then for any j < r, one has v £ F^+i \Fj and F^+i \Fi = {v}. □ 

Corollary 4.7. For any d-tree Q, the clique complex A{Q) is pure shellable and 
hence Cohen-Macaulay. 

In the proof of the following proposition, we will use the fact that the Stanley- 
Reisner ideal of the complex A^^^^-^ is shellable. One may in fact use a lexicographic 
shelling, so, by symmetry, one may start the shelling with any facet of the complex. 

Proposition 4.8. Let H = U^d Kf, m > d be given. Then I{Ti.) has linear 
quotients precisely when 
{i) i,j < d, or 

(m) i > d, and j = m — 1 or j = i — 1. 

Proof Put A = X{H) \ X{K^) and B = X{n) \ X{Kf). We will show that the 
Alexander dual complex of Ti. is shellable precisely in the cases mentioned above. 
Assume that F{ < • ■ • < F/ is a shelhng of A/.(^d ). Set Fj = F/UA for « = 1, . . . , i. 
In case (i) the sequence Fi < • ■ • < Ft is a shelling of Aj./^-^y 

In case (ii) we find a shelling when i > d and j = m — 1. The case j = i — 1 
is similar. Let i > d, j = m - 1 and X{K^) \ X{Kf) = {v}. Let G[ < ■ ■ ■ < G', 
be a shelling of Aj,(^j^dy Set Gi — G'j U i? for i = 1, . . . , s. It is easy to see 
that the set of facets of A/.(-^) is {F^}*^^ U {Gj}j^^. We claim that the ordering 
Gi <■■■< Gs < Fi <■■■< Ft is a sheUing of A/.(^). Let Gi < Fj, where 
Gi ^ X{n)\ El and Fj X{n)\ E2 for some edges Fi of Kf and F2 of K^. Let 
El = {wi, . . . and E2 = {v,Vi, . . . ,Wd-i}, where Vi,... ,Vd-i G X{Kf). Then 
there exists 1 < ^ < d such that wi £ Fj \ Gi. Set F3 = {wi, ui, . . . , Wd-i}, then 
X{H) \ F3 = Gk for some k and Fj \Gk^{wi}. 
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Now, assume (z) and (m) does not hold. Then i>d, m^j>2 and i ^ j > 2. 
We first elaim that if j < d — 2, there is no sheUing: Consider the intersection 
Gj n Fi (same notation as above) . The two facets here correspond to two edges in 
H, one from and one from Kf. These two edges can at most have j elements 
in common. Hence, by considering the set complements of these edges we realize 
that the two facets can at most have |A'(7i)| — d — 2 vertices in common. This 
shows that no ordering of the Fi^s and the Gj's can be a shelling, since dim(i^i) = 
dim(Gj) = X{H) — d — 1 for every i — 1, . . . ,t, j ~ 1, . . . , s. 

So, we assume j > d - 2. Let vi,V2 G X{KfJ \ X{Kf), wi,W2 € X{Kf) \ 
X{Kj) and mi, . . . , Ud~2 G ^{Kj)- To finish the proof by contradiction, we assume 
A/.(-^) is shellable. Consider two edges Ei = {ui, . . . ,Ud-2,vi,V2} and E2 = 
{ui, . . . ,Ud-2,wi,W2}- Then Fi — X{T-C) \ Ei for i — 1,2 are facets of A/.c^j. 
Without loss of generality may assume Fi < F2. Hence there exists vertex v G 
F2 \ Fi and facet F3 such that F2 \ F3 = {v}. Let F3 = X{n) \ E3 for some edge 
E3. Since F2 \ i^i = {vi,V2}, we have v = vi or v = V2- Therefore E3 C X{K^). 
Also i?3 \ {v} C E2- Thus wi € E3 or 11)2 G E3, which is a contradiction. □ 

We end this section with a result on the diameter of the complement of a chordal 
graph. Recall that the diameter of a connected graph Q is defined as 

diam(CJ) = max{dist(u, w) ; m, u G X{Q)}, 

where dist(u,?;) is the number of edges in a shortest path between u to v. If Q is 
not connected we set the diameter to be cx). 

Proposition 4.9. Let Q be a connected chordal graph. Then the diameter of the 
complementary graph Q'^ is at most 3. 

Proof. If diam(C7'^) > 3 we find vertices u and v with dist(u, v) — 4. Then the 
induced graph of Q'^ on {w, wi, ^2, ^3, v} is the path uvi,viV2,V2V^,V'iV. The graph 
complement of contains a 4-cycle without any chord. This contradic- 

tion gives our result. □ 

4.1. d-uniform hypergraphs and quasi forests. It is known that a certain class 
of siniplicial complexes, called quasi-trees (see below), and chordal graphs, in some 
sense contain the same information. 

Remark 4.10. Recall that a fiag complex is a simplicial complex in which every 
minimal non face consists of precisely 2 elements. As one easily sees, such complex 
is determined by its 1-skeleton. 

The following is the content of Lemma 3.1 in [T7] . 

Lemma 4.11. Let A 6e a simplicial complex. Then A is a quasi-forest precisely 
when A = ^{Q) for some chordal graph Q. Ln particular, a quasi-forest is a flag 
complex. 

In this section we will see that there is also a close connection between quasi- 
trees and the class of chordal hypergraphs. 

Definition 4.12 (Faridi, [8], Zheng, [23]). Let A be a simplicial complex. A 
subcollection F, of A, is a subcomplex of A such that J-{r) C .F(A). A facet F 
of A is called a leaf if either F is the only facet of A, or there exists a facet G in 
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A,G^F, such that F n C F n G for any facet H in A, H ^ F. 
Assume A is connected. Then A is called a tree if every subcoUection of A has a 
leaf, and A is called a quasi-tree if there exists an order Fi, . . . ,Ft of the facets of 
A such that for each i — 1, ... ,t, Fi is a. leaf of the simplicial complex {Fi, . . . ,Fi), 
whose facets are Fi, . . . ,Fi. The order Fi, ... ,Ft is called a leaf order. A simplicial 
complex with the property that every connected component is a (quasi-)tree is called 
a (quasi-)forest. 

Remark 4.13. A tree is a quasi-tree, but the converse need not hold. 

Let A be a simplicial complex. Denote by TZdiA) the simplicial complex obtained 
from A by removing every facet F with 1 < diniF < d — 2, and all faces G C F, 
with 1 < dim G < dim F, that are not faces of some facet of dimension greater than 
d — 2. Conversely, denote by AdiA) the simplicial complex obtained from A by 
adding, as a facet, every face of dimension d~2 that is not already in the complex. 

Lemma 4.14. Let A{Ti.) and A{Q) be the clique complexes of a d-uniform hyper- 
graph TL, and a graph Q , respectively. Then the following holds: 

. Ad{nd{A{u))) = A{n) 

• nd'{Ad'{A{g))) = A{g), where d' - I < min{dimF; Ffacetin A(g)}. 
Proof. This follows immediately from the definition of A(7i). □ 

Lemma 4.15. Let H — G Ui^d Kf be a chordal hypergraph. Lf i < d (that is Kf is 

consists of i isoloated vertices), we may exchange the attaching of Kf to Kj, with 
i — j attachings of the form 

n' = g' u^-d Kf 

Proof. This is clear, since either way, we are just adding a number of isolated 
vertices. □ 

Proposition 4.16. Let Ti. be chordal hypergraph, and let Q be a chordal graph. 
Then the following holds: 

(i) TZd{A{'H)) is the clique complex of a chordal graph. 

{a) Ad'{A{Q)) is, for any d' , the clique complex of a d' -uniform chordal hyper- 
graph. 

Proof, (i) A chordal hypergraph Ti. may, according to its inductive construction, 
be represented by a sequence of pairs of d-complete hypergraphs 

{K^,Ktj,...,{Kf^,Kl), 

where in each step of the construction of H, Kf^ is attached to K'^^. We assume 
that in the construction of Ti, Lemma [4.151 has been used if necessary. Then every 
d-complete hypergraph in the sequence {KQ,KfJ, . . . , {Kj^,KfJ yields a complete 
graph, and, by considering the facets, it is clear that TZd{A{H)) is the complex of the 
chordal graph that is represented by the sequence of pairs {Kq, Ki-^), . . . , (Kj_^, K^). 
This proves (i). 

Now, let {Kq, Kj-^), . . . , {Kj_^ , Ki^) denote a chordal graph Q. If rf' — 2 > dim A{Q), 
then the claim {ii) is trivial, so we assume d' — 2 < dimA(C/). It is obvious that 
Adi{A{Q)) will be the complex of a c?'-uniform hypergraph 7i, since every minimal 
nonface has dimension d' — 1. We now show that Ti is chordal. We do this by 
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constructing a sequence of pairs {Kq, Kf^), . . . , {Kj^, Kf^), r > t, from the sequence 
{Kq, Ki-^), . . . , (Kj^, Ki^), and showing that this sequence actually defines Ti.. 

First note that if > d', a complete graph Ki^ immediately yields a c?'-complete 
hypergraph Kf^ . For such is, we get a pair {K^^ , Kf^ ), corresponding to the pair 
{Kj^,KiJ in the sequence representing Q. U ig < d' , we may instead associate to 
the pair {Kj^ , Ki^ ) a sequence of "trivial pairs" , as in Lemma 14.151 Continuing in 
this way, we obtain a sequence {K^_^ , KfJ, . . . , (Kj^, Kf^), representing a rf'-uniform 
chordal hypergraph H' . 

The d'-uniform chordal hypergraph that correspond to the constructed sequence 
yields the same complex as Ti., and hence we conclude that they must be the same. 

□ 

Corollary 4.17. To every chordal hypergraph Ti. we may associate a quasi-forest 
A, and vice versa. 

Proof. If A is a quasi-forest, then A = A{Q) for some chordal graph ([17], Lemma 
3.1). Then, according to the proposition, we may associate to A the chordal hy- 
pergraph Ti. whose clique complex is the complex Ad'{A{Q)) in the proposition. 
Conversely, given a chordal hypergraph Ti. we may associate to it the quasi-forest 
TZd{A{H)) from the proposition. □ 

5. HOMOLOGICALLY CONNECTED HYPERGRAPHS, CONNECTIVITY, AND DEPTH 

For graphs and simplicial complexes there is a natural notion of being connected. 
This property may be described purely in terms of 0-homologies of certain chain 
complexes. Furthermore, the notion of being connected is very well behaved in the 
sense that if we choose the coefficients in the associated chain complex from a field 
k, it does not depend on the characteristic of k. This is one reason that arguments 
involving connectedness sometimes are very useful if one is trying to prove some- 
thing about a graph or a simplicial complex. In [TOj . S. Jacques deduces some lower 
bounds on Betti numbers of graph algebras. The arguments used there are based 
on the connectedness property of graphs. In this section we define in a homological 
fashion a concept of connected hypergraph. 

Definition 5.1. Let 7-^ be a d- uniform hypergraph and k he a, field. The connec- 
tivity of Ti over k, con(7-^), is defined as 

con(7i) = iam{\V\;V C [n], dim Hrf_2((A(7^))[„]^y ; A:) ^ 0}. 

Definition 5.2. Let fc be a field. If is a d-uniform hypergraph with non zero 
connectivity over k, we say that Ti is homologically connected over k. If Ti is 

homologically connected over every field, we say that Ti is homologically connected. 

Note that in the case of graphs, this is the usual notion of connectedness. Also, 
in terms of homological connectedness, the connectivity of a d-uniform hypergraph 
Ti, is the cardinality of a minimal disconnecting set of vertices. 

Proposition 5.3. IfTi is homologically connected over Q, it is homologically con- 
nected over every field k. 

Proof. By the Universal Coefficient Theorem we have 

H,{A{n);k) ^ H,iA{n);Q) fc ® Tor?(i/,_i(A(H)), fc). 
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One should note that when we consider a complex A-h of a non empty d-uniform 
hypergraph, Hi{A{Ti.); k) = for every I < d ~ 3 over every field k. □ 

Recall Hochster's formula. 

Theorem 5.4 (Hochster's formula). Let R/Ia be the Stanley-Reisner ring of a 
simplicial complex A. The non zero Betti numbers, (3i_j{R/ Ia) = dimTor^(i?//A, fc)j, 
of R/Ia, o^fs- only in squarefree degrees] and may be expressed as 

A,j(i?//A) - dimfci?|j|_,_i(Aj;fc). 
Hence the total i 'th Betti number may be expressed as 

P^{R/IA)^ dimH^v\-^-l{^v■,k). 

VC[n] 

Proof See [2], Theorem 5.5.1. □ 
From this it follows that 

^3^JiR/IA)^ J2 dimH^v\-^-liAv;k). 

VC[n] 
\V\=3 

Proposition 5.5. IfQ is an induced hypergraph of a d-uniform hypergraph Ti, such 
that Q is not homologically connected over k, then 

/3|A'(e)l-d+i('W) 7^ 

Proof. We will use the fact that {A{T-C))v = ^(^y)- Consider Hochster's formula 
with i = \X{g)\ -d+1; 

P\x(g)\-d+i{R/lA(H)) = X! dimfe7?|y|_|;t.(g)|+d_2(A(Hy);fc) > 

V<ZX{H) 

dimkHd-2{Ax(g);k) > 0. 

□ 

Recall the Auslander-Buchsbaum formula: If M is a finitely generated i?-module 
with pdjj.(A/) < oo, then pd;j(M) +depth;j(Af) — depth For a proof, see [5], 
Theorem 1.3.3. 

Corollary 5.6. If Q is an induced hypergraph of a d-uniform hypergraph TL, such 
that Q is not homologically connected over k, then 

\X{g)\~d+l<pdj,{R/lA(n))<n, 
< depth^(i?//A(w)) < n - lA-Cg)! + d - 1, 
where n = \X{TC) \ . 

Proof. It is well know that (Hilbert's syzygy theorem) n > ^dj^{R/ Iach))- Further- 
more, according to the lemma, j3\x(g)\~d+i{'^) > 0. This gives the first assertion. 
The second follows from the first using the Auslander-Buchsbaum formula. □ 

Corollary 5.7. IfTi. is a d-uniform hypergraph that is not homologically connected 
over k, then 

n-d+l< pdjj{R/lA{H)) < 
< depthji{R/lA{n)) < d - I, 

where n — \X{Ti.)\. 
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If 7i is a rf-uniform hypergraph that is not homologically connected, we will see 
in Theorem 15.111 below, the two inequalities in the above corollary may in fact 
be exchanged with two equalities. First, we prove the following theorem, which 
connects the depth of the Stanley-Reisner ring R/Ia{h), with the connectivity of 

n. 

Theorem 5.8. Let A(7i) he the complex of a d-uniform hypergraph Ti. and put 
g ^ depth j^{R/ 1 A{n))- Then, 

con(H) = g — rf + r+1, 

where r is the minimal number such that (3n-g-r,n-g-r+d-i{Ii/ Ia{h)i 0. That 
is, r is the minimal number such that there exists aV Q [n], \V\ = n—{g — d+r + l) 
with Hd-2{^v;k)^0 

Remark 5.9. If 7i is a c?-uniform hypergraph, recall that the linear strand of a 
resolution of R/Ia{H) (or for short, the linear strand of R/Ia{h}) is the part of 
the resolution that is of degrees {i,i + d — 1). Note that r = pdj^(i?//ACH)) ~ 
max{i; l3i,i+d-i{R/ lA{n)) 0}- 

Proof. We know that Tor^_g{R/ I^in), k) + 0, but Torn-,{R/ lA{n)i k) = for 
every i < g. In particular, Tor^_j(i?//ACH); k)j = in every degree j if z < g. This 
gives, via Hochster's formula, that (Ay ; /c) = for every V C [n], 

i < g, and that there exists a y C [n] such that i/|v|-(„-g+i)(Ay; fc) ^ 0. Let 
r > be the minimal number such that Tor^_(g^^^(i?//A(7Y:); for j = 

n — (g — d + r + l). This is the same thing as saying that there exists a y C [n], 
\V\ = n — [g ~ d + r + 1), such that Hd-2{^v] k) ^ Q but at the same time, for 
any V C [n], \V\ > n — {g — d + r + 1), the homology of Ay in degree d — 2 is zero. 
This means precisely that con(H) — g — d + r + 1. □ 

If Ti. is 2-uniform (that is, if Ti. is an ordinary simple graph) and we have linear 
resolution, the following is Lemma 3 in TS]. 

Corollary 5.10. Let Ti be a d-uniform hypergraph and suppose the length of the 
linear strand o/i?//A(H) maximal. Then 

depth^(i?//ACH)) = con(7i) + d - I. 

Theorem 5.11. Let Ti be a d-uniform hypergraph. Then Ti is not homologically 
connected over k precisely when 

pdfl(i?//A(w)) = n - d + 1, 

depth^(i?//A(w)) = d - 1, 
where n = \X{Ti)\, and the length of the linear strand of R/ is maximal. 

Proof. We know that n — d-\-l < pdji{R/lA{H}) < ^- Put pdj^(i?//ACH)) = n — r, 
< r < d — 1. Hochster's formula gives 

f3„-r{R/lA(H)) = X! dimfe#|y|_(„_r)_i(A(Hv/);A:). 

VCXiH) 

If r < d - 2 we get that \V\ - {n - r) - 1 < \V\ - n d - S < d - 3. But 
Hi{A{Tiv); fc) = for alU < d - 3 and for aU V C X{Ti). 
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The last claim follows from Corollary 15.101 since being not homologically con- 
nected, is the same thing as having connectivity 0. □ 

Example 5.12. Since homologically connected and connected are the same things for 
an ordinary simple graph Q, we have pd;j(i?//^(g)) — n — 1 and depth = 
1 for any simple graph Q that is not connected. Furthermore, the length of the linear 
strand of R/Iaq is maximal. This special case of Theorem 15.111 is Theorem 4.2.6 
in [ig. 

Corollary 5.13. LetTi he ad-uniform hypergraph. If R/ lA{n) Cohen-Macaulay 
of dimension at least d, then Ti. has non zero connectivity. Put another way, the only 
d-uniform hypergraph Ti with connectivity such that R/Iach) Cohen-Macaulay, 
is the discrete hypergraph. 

Example 5.14. In [6] we considered several kinds of complete hypergraphs. For 
example the cZ-complete multipartite hypergraph Kf^_^ This is the hypergraph 

on vertex set X = [ni] U ■ • ■ U [rij], where U denotes disjoint union, and edge set 
consisting of every d-set of X (that is, every subset of X of cardinality d) that does 
not lie entirely inside one of the [ni]'s. This is a natural generalization of the usual 
complete mulitpartite graph -ftr„j,....„f . Precisely as (-ft'ni....,nt )'^, the complement 
i^ni ntT '^^ d-complete multipartite hypergraph is not homologically con- 
nected. 

In Propositions 3.9 and 3.20 in 6 , we determined when a couple of such complete 
hypergraphs in addition to having linear resolutions also has the Cohen-Macaulay 
property. The conclusion there is that the only case in which this happens, is in the 
extremal case when the considered hypergraph in fact is isomorphic to a d-complete 
hypergraph. This fact now follows immediately from the above corollary, since it is 
easily seen (by computing the Betti numbers) that the considered hypergraphs are 
not homologically connected. 

Proposition 5.15. Let Ti. be a d-uniform hypergraph on vertex set [n]. Then the 
Betti number Pn-d+iiR/ Iach)) ^aJ^ be non zero only in degree n. Furthermore, it 
determines whether Ti. has non zero connectivity or not. 

Proof. This follows from Hochstcr's formula and the fact that (3i,j{R/ Ia{h)) = if 
j<i + d-l. □ 

Remark 5.16. In case of ordinary simple graphs, by the above proposition, the 
number f3„-i{R/ Ia{G)) + 1 is the number of connected components of Q. 
Example 5.17. Let Ti be the 3-uniform hypergraph on vertex set {a,b,c,d} and 
with edge set £{Ti) — {abc,bcd} (we let xyz denote the edge {x,y,z}). We may 
visualize Ti as follows: 

b 





By computing the Betti numbers of R/Ia{h) using some suitable computer pro- 
gram, one sees that (32{R/Ia{H)) = 1- If we add to the edge set the edge abd, the 
resulting hypergraph has non zero connectivity. 
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Example 5.18. Let Ti. be the 3-uniform hypergraph on vertex set {a,b,c,d,e} and 
with edge set £{H) = {abc, cde}. H is iUustrated below: 




The Betti number (33.{R/ Ia{h)) — 4 shows that Ti. has connectivity. If we add to 
the edge set the edge acd, the resulting hypergraph has 4 homologically connected 
components. If we continue and add the edge 6ce, the resulting hypergraph still 
has connectivity. Adding the edge abd does not create a hypergraph with non 
zero connectivity, but, finally, by adding the edge abe we arrive at a hypergraph 
with edge set {a6c, cde, acd, bee, abd, abe}, that has non zero connectivity. 

Example 5.19. Let ?^ = [K^Y . Then wc know that (Theorem 3.1, [B^) PtjiR/ Ia{h)) 



, . , . Hence Ti certainly does not have non zero connectivity. This is 

quite natural since it generalizes the fact that the discrete graph on n vertices has 
71 = ^2 l) ^ "'^ (homologically) connected components. 

Example 5.20. One of the complete hypergraphs considered in is the d(ai, . . . , at)- 
complete hypergraph Kn^^^],\\n^''\ This hypergraph has vertex set the disjoint union 
X = [ni] U • • • U [rit] and edge set consisting of all d-sets of X such that precisely 
elements comes from [rii]. In 6] it is shown that R/ I{Kn^^^^.'.\n^*^) has linear res- 
olution and projective dimension n — d + 1. Hence {Kn^^^^,]\n^'^^Y li^-s connectivity 
0. 

Remark 5.21. The above examples shows that the connectivity of an arbitrary 
d-uniform hypergraph, often is 0. This together with Corollary 15.131 show that 
d-uniform hypergraphs H, such that R/Ia(h) is Cohen-Macualay, indeed are very 
special. 

In Example 5.17 and Example 5.18, we have dimA(H) = 2. It is easy to see 
that if ?i is a d-uniform hypergraph such that dimA(H) = d — 1 > 1, then the 
converse of CoroUarv 15 . 131 holds . That is, if dim A(7i) = d — 1 > 1, then R/Ia{h is 
Cohen-Macaulay over k precisely when Ti has non zero connectivity over k. This 
will follow from the following result (Lemma 7 in [l^]) of Froberg. 

Lemma 5.22. Let R/ 1 be a Stanley -Reisner ring with dimi?// = e and embedding 
dimension n. Then R/I is Cohen-Macaulay if and only if Hi{Av', k) — for every 
i and V C [n] such that \V\ = n — e + i + 2. 

Remark 5.23. An easy way to think of this lemma is as follows: First note that 
\V\ = n — e + i + 2 gives i — 0, . . . , e — 2. The claim in the lemma is now "symmetric" 
relative to this sequence of indexes. i/o(Ay ; /c) should be zero for \V\ = n — {e — 2), 
i/i(Ay ; k) should be zero whenever |y|=n — (e — 2) — 1, i/2(Ay ; k) should be zero 
whenever \V\ — n ~ {e ~ 2) — 2, a.s.o. 
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If A = A{H), the lemma of Froberg gives us the foUowing, which is completely 
analogous to that considered right after Lemma 7 in [12]. If dim A(?i) = d—2, the 
complex is always Cohen-Macaulay. This follows since the claim in the lemma in 
this case is that reduced homology in degree -1 is zero (we consider non empty com- 
plexes). The claim could also be easily verified by noting that A(7i) in this case is 
the independence complex Aj^d of some d-complete hypergraph, see [6j, Corollary 
3.2. Assume dim A(?i) = d — 1. In this case the condition in the lemma is that H 
be homologically connected (i.e. that Hd^2{A{Ti)\k) = 0). If dimA(?i) ~ d the 
condition in the lemma says that Hd-i{A{H); k) ^ and that Hd-2{A{'Hv)', k) ^ Q 
for every V C [n] with |y| = n — 1. 

Consider Lemma [5. 221 for a complex A(?i) with linear resolution. Since induced 
complexes {A{TC))v = A{Hv) can only have homology in degree d — 2, one gets: 

Corollary 5.24. Let Ti. be a d-uniform hypergraphs such that dim(i?//ACH)) = e 
and R/Ia{h) has linear resolution. Then it is also Cohen- Macaulay if and only if 
Hd-2{A{'Hv)\k) = for every V C [n] with \V\ ~ n — {e — d). Furthermore, in 
this case we have that 

e = con(7-^) + d — 1. 

6. d-SHELLABILITY 

Pure shellable simplicial complexes is somewhat of a cornerstone of combina- 
torial commutative algebra. This is perhaps mostly since in some situations they 
provide a nice non-technical (not always an easy though) way of showing that a 
complex A is Cohen-Macaulay. Also, the concept has many times been succesfuUy 
used to prove, via Alexander duality, that certain rings have linear resolutions, in- 
deed, even linear quotients. 

We start by recalling the definition of shellability, pure and non-pure. We use 
the following notation: Given a finite collection {Fi, . . . ,Ft} of non empty subsets 
of [n], we denote by (Fi, . . . ,Ft) the simplicial complex with J- (A) = {Fi, . . . ,Ft}. 

Definition 6.1. Let A be a simplicial complex on [n] with J- (A) = {Fi, . . . ,Ft}. 
A is called pure shellable if 

(«) \Fi\ = \Fj \ for every pair of indices 1 < i < j < t. 

iii) There exists an ordering Fi , . . . ,Ft of the facets such that (Fj)n(Fi, . . .Fj-i) 
is generated by a non-empty set of proper maximal faces of {Fj ) for every 
J = 2,...,i. 

A simplicial complex A is by definition called non-pure shellable if (m) but not 
necessarily (i), holds in the above definition. 

Henceforth unless otherwise is stated, by shellable we mean shellable in the non- 
pure sense. 

Remark 6.2. It is well known (see for example [2l, Theorem 5.1.13) that pure 
shellability implies Cohen-Macaulayness. This follows from Corollary 16. 191 below 
and the Eagon- Reiner Theorem ([¥!, Theorem 3). 

In the following two definitions we introduce the concepts of d-shellability and 
d-quotients. . 
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Definition 6.3. Let A be a simplicial complex on [it]. A is called d-shellable if its 
facets can be ordered Fi, . . . ,Ft, such that (Fj) n {Fi, . . . , Fj-i) is generated by a 
non-empty set of proper faces of {Fj) of dimension \Fj | — d— 1 for every j = 2, . . . ,t. 

Remark 6.4. The concepts of being 1-shellable and shellable coincides. If A is a 
simplicial complex, a linear ordering of J- (A) satisfying the conditions of Definition 
16.31 is called a c?-shelling of A. 

Definition 6.5. Let / be a monomial ideal. We say that / has d-quotients if there 
exists an ordering x"'-'^ < ■ ■ ■ < x™' of the minimal generators of /, such that if we 
for s = 1, . . . ,t, put Is — (x™! , . . . , x™= ), then for every s there are monomials x^'^ , 
i ~ 1, . . . ,rs, degx''=> — d for all i, such that 

The motivation behind these definitions is the following well known theorem, 
which we generalize below. 

Theorem 6.6. Let I ~ (x"^^ , ■ ■ ■ , x"^*) be a squarefree monomial ideal. Then I has 
linear quotients (that is, 1-quotients) precisely when the Alexander dual ideal, I* , 
is shellable. In particular, if I* is shellable and deg a:"*' = deg x™^ for every pair 
i,j of indices, then I* is Cohen-Macaulay. 

Example 6.7. The clique complexes of line hypergraphs ij^'" and of hypercycles 
Cf^" are both {d — Q!)-shellable. 

Theorem 6.8. Let I be a squarefree monomial ideal. Then I has d-quotients 
precisely when the Alexander dual ideal, I* , is d-shellable. 

Proof. Let / = (x™^ , . . . , x™'), where the x"^' are the minimal generators. By 
definition, it is clear that the set of facets of A*, the Stanley-Reisner complex of 
J*, is J^{A*) = {Fi, . . . , Ft}, where Fi — [n] xm.j for « = 1, . . . , t. With the notation 
clear, the proof is almost tautological. 

Assume / has d-quotients. If for every I < i < j < t, x"'^i denotes the minimal 
generator of (a;'"') : a;™^ , then (possibly after re-indexing) : x™^ is minimally 
generated by the set a;°^i , . . . , , for some r < j — I. This is equivalent to 
saying that the sets Oj^, a = 1, . . . , jV, that all have cardinality d by assumption, 
are precisely the minimal subsets of [n] such that Fj \ Uj^ C Fi for some 1 < 
i < j, and that (Fj) fl (Fi, . . . , is pure of dimension | — d — 1 and equals 

{Fj \aj,,...,F^ 

The converse is proved by a similar argument: Assume A* is d-shellable, and let 
J^{A*) = {Fl, . . . , FJ. Put m, = [n] \ F,. Then the Alexander dual ideal / of J*, 
is minimally generated by the monomials x"^', i ~ 1, . . . ,t. For every j — 2, . . . ,t, 
we let Oj^ , a = 1, . . . , jr denote the subsets of Fj that one has to remove in order 
for Fj \ Oj^ to be a generator of (Fj) fl (Fi, . . . , Fj_i). Then the monomials x""^" 
are precisely the minimal generators of : x™^ . □ 

The following theorem occurs frequently in the literature. It shows that simplicial 
complexes that arc 1-shellable may be defined in (at least) three equivalent ways: 

Theorem 6.9. Let A be a simplicial complex on vertex set [n], with .F(A) = 
{Fl, . . . , Ft}. Then the following conditions are equivalent: 

(i) A is shellable and Fi, . . . , Fj is a shelling. 
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(m) For all 1 < i < j < t, there exist a vertex v and a k with 1 < k < j , 

such that V G Fj \ Fi and Fj \ Fk — {v}. 

(Hi) The set {F £ [n]\F e {Fi, . . . , Fj) , F ^ {Fi, . . . , Fj^i)} has a unique 
minimal element for all 2 < i < t. 

Two of these statements, slightly modified, remain equivalent in the case of d- 
shellable complexes also for d > 1. 

Theorem 6.10. Let A be a simplicial complex on vertex set [n], with ^(A) — 
{Fi, . . . , Ft}. Then the following conditions are equivalent: 
(i) A is d-shellable and Fi, . . . , Ft a d-shelling. 

(ii) For all i,j, 1 < i < j < t, there exist some set Oj C [n], \aj \ — d, and a k 
with 1 < k < j, such that Oj C Fj, Oj Cl Fi = $ and Fj \ Fk = Oj . 

Proof. The implication (i) (ii) follows by considering the proof of Theorem 16. 81 
For the converse let F be a face of (Fj) n {Fi, . . . , Fj-i). Then F lies in some (Fi), 
i < j. Let Qj be a set that fits the description in (ii). Then F is also a face of 
{Fj \ Oj) so {Fj) n {Fi, . . . , Fj-i) is pure of dimension \Fj\ — d~ 1. □ 

As for shellable complexes, links of faces of d-shellable complexes stay d-shellable: 

Proposition 6.11. Let A be a d-shellable complex and F a face of A. Then IkA(F) 
is again d-shellable. 

Proof. Assume Fi , . . . , Ft is a c?-shelling of A and that the face F lies is the facets 
F,,...,F^. Put G,^ \F. Then IkA(F) = {G., , . . . , J. If j<r andGis 

a face of Gi^ D {Gi^ , . . . , Gi._^), then FUG is a face of F^^ n (Fi, . . . , Fi^_^). Hence, 
if G is maximal we see that |G| = |F,J — |F| — d, which is our result. □ 

We now investige the behaviour of the Betti numbers of ideals with d-quotients. 
The following two results are more or less obviuos. We record them just since they 
show that the notion of d-quotients is not empty. 

Lemma 6.12. Let y — yi, . . . ,yr be a sequence of monomials in R = k[xi, . . . , x„] . 
Then y is an R-sequence precisely when gcd(yi, yj) — 1 for every i ^ j . 

Proposition 6.13. For every pair of integers 1 < d < d' there exist a squarefree 
monomial ideal I — . . . ,a;™') C k[xi,. .. ,Xn], n sufficiently large, dega;™* = 

d' for every i — 1, . . . , t, such that: if we put 1^ — {x"^^ , . . . , x"^^), s = 1, . . . ,t, then 
every colon ideal Is : x"^^+^ is generated by an R-sequence = x'^'i , ■ . ■ , x^^' ^ of 
squarefree monomials of degree d. 

Proof. Let M C [n] be a set such that \M\ = d' — d. Choose the generators a;™* 
such that \mi\ = d' for every i = 1, . . . , t and H mj — M for every i ^ j . □ 

Splittable monomial ideals, introduced by Eliahou and Kervaire in [5j, has been 
studied in for example |11J O [15] . This class of ideals is well behaved in the sense 
that their Betti numbers satisfy the Eliahou- Kervaire formula, see [5] Proposition 
3.1. The following definition (that is Definition 1.1 in [H]), captures the content of 
the Eliahou-Kervaire formula in an axiomatic way. 

Definition 6.14. Let /, J and K be monomial ideals such that Q{L) is the disjoint 
union of Q{J) and G{K). Then I — J + K is a. Betti splitting if 

= P^.J{J) + P^AK) + A-i,j(J n K) 

for alH e N and (multi)degrees j. 
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It is easy to see that a monomial ideal / with linear quotients has a very natural 
Betti splitting. This is the core of the fact that the minimal free resolution of / is 
a mapping cone. The connection between "being a mapping cone" and "having a 
Betti splitting", is described in [11] Proposition 2.1. 

Theorem 6.15. Let I — (x™^, . . . ,x™*), dega;™' = d' for every i = 1, . . . ,t, be a 

squarefree monomial ideal with d-quotients, d < d' , and put Ig = (x™^ , . . . jX™"), 
s = 1, . . . ,t. Then 

(i) [3i^j{R/ {Is-i ■ x"^")(~d')) and l3ij{R/ Is-i) are not non zero in any com- 
mon degree j for any i > 2, s ~ 2, . . . ,t. Hence Is ~ Is-i + {x^"") is a 
Betti splitting. 
(m) For all i, 2 < i < pdj^(i?//), we have 

t 

f3.,{R/I) = ^ : x"^^)(-d')). 

s=2 

Proof, (ii) is a consequence of (i) since if we assume that (i) holds, then for every 
s — 2, . . . ,t we have an exact sequence 

^ R/{Is~i : x"'^){-d')^R/Is-i ^ R/Is 0, 

where the first map is multiplication by a;™". It follows from the long exact Tor- 
sequence that f3i{R/It) = (3i{R/It-i) + A_i(i?/(/t_i : x"''){~d')). Noting that 
P^iR/Ii) = 0, {ii) now follows by induction. 

To prove (z), let 2 < r < f and consider the following exact secuence 

(1) ^ Ir-l n (a;™-) ^ Ir-l © (.X"'-) ->Ir^Q. 

The non trivial maps are x i— > {x, —x) and (x, y) ^ x + y. 

Let F' . and G' . be the minimal free resolutions of Ir-i H (x™"^) and Ir-i © (a;™'') 
respectively. It follows from Proposition 2.1 in jllj that Ir = Ir-i + (a^'"'') is a Betti 
splitting precisely when the mapping cone, cone(a), of the lifting a : F' . G' . of 
the left map in the above exact sequence is the minimal free resolution of 7^. 

Given a monomial ideal J = (a;''^ , ■ • ■ , x^^ ) with linear quotients and deg(a;'^i ) < 
• • • < deg(a;'^" ), it is known {[H]) that the minimal free resolution of i?/ J is the map- 

ping cone of the lifting of the map R/ ((a;'^^ , ■ ■ • , a^*^""^ ) : a;*^") — >R/ {x*'^ , ■ ■ ■ , a;*^"-!) 
to the corresponding minimal free resolutions. This is still true if we use c?-quotients 
instead, and is easily verified. Now, consider the ideals Ir-i n(a;™'') and J^-i : a;™'\ 
By looking at the generators of these two ideals, it is clear that we have an homo- 
geneous i?-module isomorphism 

:a:"'-)(-rf') = ^r-in(a;'"-)- 

Let F. and G. be the minimal free resolutions of R/ : a;™'^)(— d') and 

respectively, and a : F. — > G. a lifting of the map R/{Ir-i ■ x™''){—d')- — >R/Ir-i. 
Note that the minimal free resolutions of Ir-i and Ir-i © (a;™'') only differ in a 
very simple way at the bottom degrees. Using this and the above isomorphism, we 
realize that the mapping cone of the lifting of the map Ir^i fl (a;™'') /^-i ©(a;™''), 
essentially is obtained by truncating the mapping cone of a. Hence, since we know 
that cone(a) is the minimal free resolution of R/Ir, this new mapping cone is the 
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minimal free resolution of Ir and Ir = Ir-i + (a;™'') is a Betti splitting. 

□ 

Example 6.16. / — {abc, cde, bef, adf) C k[a, b, c, d, e, /] is an ideal with 2-quotients. 
The Betti numbers of R/I, in homological degrees 1,2, and 3, are 4,6 and 3. 
The corresponding Betti numbers for 3)/(/i : cde), 3)/(/2 : bef), and 
3)/(/3 : adf), are 1, and 0; 2, 1 and 0; and 3, 2 and respectively. It is easily 
verified that these sum up, according to the proposition, to the Betti numbers of 
R/I. 

Corollary 6.17. Let I = (a;™^, . . . ,a;™'), degx™' = d' for every i — l,...,t, 
be a squarefree monomial ideal with d-quotients, d < d' , and assume the minimal 
generators of Is-i : x™" forms an R-sequence for every s = 1, . . . ,t. Then f3ij {R/I) 
is non zero only for j = i + d' — l + {i — l){d — 1), and for all i, 2 < i < pd{R/I), 
we have 

Proof. Let Is-i : 2;'"=^ = (a;''=i , . . . ,x^''''!' ). It is then easy to see that (3i{R/{Is-i : 

d')) = ^ .'^^ in degree j — id+d' and zero in all other degrees. By induction, 

Pi{R/ Is-i) is non zero only in degree j — i + d' — l + {i — l){d—l) = d' + id — d. This 
shows that j3i{R/Is) may be non zero only in degree j = i + d' — l + {i — l){d—l) and 
that (3i{R/Is) = f3i{R/Is^i) + l3,-i{R/{Is-i : x"^^){-d')). The result now follows 
by induction and Theorem 16. 151 □ 

Example 6.18. An example of such ideal is / = {abc, cde, cfg, chi) in the polynomial 
ring k[a, b, c, d, e, /, g, h, i]. The Betti numbers in homological degrees 1, 2, 3 and 4 
are 4,6,4 and 1, and they lie in the degrees described in the corollary. It is easily 
seen that these are constructed from the Betti numbers of the colon ideals. 

Corollary 6.19. Let I — (a;™^, . . . ,a;'"*), dega;™' ~ d' for every i — 1, . . . ,t, be 

a squarefree monomial ideal with linear quotients. If I^-i : x"^^ = i^sn ■ ■ ■ iXs^ ), 
s = 2,.. .,t, then for all 2 < i < pd^(i?//), f3i_j{R/I) is non zero only in degree 
j ~ i + d' — 1 and we have 
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